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ABSTRACT 
Drew and Johnson obtained an expression for max{per A}, where A runs through 
all 3-by-3 real symmetric positive semidefinite matrices with the given eigenvalues &, 
•2, A3, and conjectured that the expression can be extended to include hermitian 
matrices. We prove that their conjecture is correct and characterize a 3-by-3 positive 
semidefinite hermitian matrix B, whose permanent is ma~x{P3(D)}. 
1. NOTATION AND RESULTS 
For an n-by-n complex matrix A = (aij), the kth permanental numerical 
range Pk(A) was defined by M. Marcus and B. Y. Wang [4] as 
Pk( A) = {per(U*AU)W ~ C,,×k, U*U = Ik}. 
where U* means the conjugate transpose of U. Several authors [1, 2, 5] 
have tried to determine the maximum value of P,,(D), where D = 
diag(a 1, a 2 . . . . .  A,,), and a i ~ 0, i = i ,"- ,  n. (In this situation, U*DU is a 
positive semidefinite hermitian matrix, whose permanent hence is a nonnega- 
tire number.) 
In 1977, M. L. Mehta [51 (also see [61) made the following conjecture: If 
D is an n-by-n positive semidefinite hermitian matrix and U varies over the 
set of all n-by-n unitary matrices, then peffU*DU) attains its maximum 
when U*DU has equal diagonal entries. 
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However, this conjecture is not true. In 1989, J. H. Drew and C. R. 
Johnson [1] gave a 3-by-3 counterexample to it. 
Throughout he rest of this paper, we always assume 0 < h 1 < h 2 < ha; 
max{per A} is the maximum value of per A, where A runs through all real 
symmetric positive semidefinite matrices with the given eigenvalues hi, he, 
ha; and max{Pa(D) } is the maximum value of per(U*DU), where D = 
diag(h 1, h 2, ha), and U*DU runs through all hermitian positive semidefinite 
matrices with the given eigenvalues ha, h2, h a. 
It is obvious that max{Pa(D) } > max{per A}. 
In another paper [2], Drew and Johnson proved the following theorem. 
THEOREM 1 (Drew and Johnson). 
(i) There exists a persymmetric (i.e., real symmetric with respect o the 
upper right to lower left diagonal as well as the main diagonal) matrix P that 
yields max{per A}. 
(ii) max{per A} = max{h(hl, h2, ha) ' g('~2, ha, hi)}, where 
g( hl, h2, h3) 
h( h~, h2, ,~) = ~ g( h3, h~, ,~) 
[f(h~, h~, h~) 
if (A1, h2, h3) ~ Sl, 
if (Xl, h z ,ha)~szUsa ,  
if (A~, A~, h~) ~ s4, 
and 
g(x,  y, ~) = 
3x~( y + ~) + y3 + ~ + (y2 + ~2 _ x~)~/~ 
f (x ,  y, z) - 
y(x~ +z  ~ )
s = {(x ,y ,~)10_<x_<y_<z},  
S 1 = {(x ,  y, z) ~ S[4yz < x 2 + 3ze}, 
S~ = {(x,  y, ~) ~ Sly < ex  and 4xy _> 3x ~ + z~}, 
s3 = {(x ,  y , z )  ~ s ly  >__ 2xand 4~ 2 _< 4xy + ay2}, 
S 4 = S -- (S  1U S 2 U S3) .  
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They also conjectured that Theorem 1 can be extended to include 
hermitian matrices without modifying the expression for the maximum per- 
manent. In other words, (i) there exists a persymmetric matrix P that yields 
max{ P3( D)}, and (ii) max{ea(D)} = max{h(A l, A 2, A3), g(A 2, A 3, AI)}. Of 
course, (ii) is a direct consequence of Theorem 1 and (i). 
Our primary purpose here is to present he following theorem, which 
characterizes a 3-by-3 hermitian positive semidefinite matrix B, whose per- 
manent equals max{Pa(D)}, and also establishes the truth of their conjecture. 
TIIEOREM 2. 
(i) I f  B = U*DU and per B = max{Pa(D)}, then B is permutationally 
similar to a matrix 
C = 
a xe ia ye i(a+~) ]
xe -ic~ b xe i~ , 
[ ye-i(~+ ~) it3 a xe 
where a, b, x are nonnegative numbers and y is real, they depend on A 1, A 2, 
A 3, and a, ~ can be any real numbers. 
(ii) max{P3(D)} = h(a 1, A 2, a3). 
REMARK. Observe that if we choose a =/3 = 0, then 
[;x C= b x 
X a 
is a persymmetric matrix and its permanent is maximum. In other words, 
max{P3(D)} is achieved by a persymmetric matrix. This is the conjecture of 
Drew and Johnson. 
"2. PROOFS 
In this section, we prove and present several emmas that lead to the 
proof of Theorem 2. The first lemma is just a simple exercise in trigonomet~. 
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LEMMA 1. I f  M and N are real numbers,  then fo r  any 0, 2 M sin 2 0 + 
2Nsin 0cos 0<0i fandon ly i fM<0 andN= O. 
Proof. Rewrite the expression 
2Ms in  e 0 + 2Nsin 0cos 0 = M(1 - cos 20) + Ns in20  
=M+ 1/M 2 +N 2 sin(~b+20), 
where ~b = tan - l ( -M/N) .  The maximum of the expression is M 
+ ~/M 2 + N 2. From that, the conditions for 2 M sin 2 0 + 2 N sin 0 cos 0 < 0 
are clearly sufficient and necessary. 
LEMMA 2. Suppose 
B = U*DU = 
a Jce ia y ] 
xe- i  a b z , 
y z c 
and B yields max{P3(D)}, where a, b, c, x, y, z, and a are real. Then 
(i) [c(a - b )x  + x (y  2 - z2)]cos a + (a - b )yz  = 0; 
(ii) [c(a - b )x  + x (y  2 - z2)] + (a - b )yz  cos a = 0; 
(iii) [b(a - c )y  + y (x  2 - z2)]cos a + (a - c )xz  = 0; 
(iv) [b(a - c )y  + y (x  ~ - z2)] + (a - c )xz  cos a = 0. 
Proof. (i): Take 
cos 0 sin 0 0] 
U= [ -s0n0  cos00 0 ,1  
which is a unitary matrix for any 0. Then 
U*BU = 
bn hi2 b13 1 
b23] |b21 b2e 
[bal b32 ba3 
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where 
a+b (a -b  
bll 2 + 2 cos20-xeos  as in20) ,  
a -b  ) = 
b12 = 2 sin 20+xcos  ~cos20 +ixs in  a ,  b21 ~912, 
b13 =ycos  0 -zs in0 ,  ha1 = b13 = b13 , 
a+b (a -b  
b22 - 2 2 - -  cos20-xcos  as in20) ,  
b2, 3 =ys in  0+zcos  0, b32 = b23 = b23, 
b33 = c. 
Therefore, we can calculate its permanent as 
per(U*BU) = 2(bl~b22b33 + b21ba2bja + b3~b~2bz~) - det(U*BU) 
[a b )] = 2 ~ + ~cos20-xcos  o~sin20 
a+b (a-b 
× 2 2 
- - cos20-xcos  as in20) ]c  
a -b  ) 
+ 4 - -~s in20+xcos  c~cos20 
×(ycos  0 -zs in0) (ys in  0+zcos  0) - det B 
+ 4xyz cos a 
- det B + 2M sin 2 20 + 2N sin 20 cos 20 
= per B + 2M sin 2 20 + 2N sin 20 cos 20, 
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where 
+ (a - bNY2 - 4 
2 
- cx2 cos2 a - 2xyz cos a, 
N = [c(a - b)x + x(y2 - z2>] cos (Y + (a - b)yz. 
sincepel(U*BU)IperB,wehave2Msin228+2Nsin28cos28IOfor 
any 8. By Lemma 1, N = 0. 
(ii): Take 
ia 
II=eo i 0 10 0 Ii -sin cos e e cog sin e 0 1 , 
0 01 0 0 1 
which is a unitary matrix for any 8. Then 
b 11 bl2 h3 
U*BU = b,, b,, b,, , 
[ 1 b 31 b32 b33 
where 
a+b a-b 
bll = -+ - cOs 28 - x sin 28 2 2 
b,, = &- = b,,, 
b,,=(y~0~a~0~8--zsin8) -iysinacost?, b,, = 613, 
a+b a-b 
b,, = 2 - - c0s2e - xsin2tI 
2 
b23=(ycosasin8+xcos8)-iysinasino, b32 = b23, 
b,, = c. 
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Its permanent is 
per (U*BU)  = 2(bnb22633 + b2,ba2b13 + ba~b12bz3 ) - det (U*BU)  
[a+b__ )] 
= 2 2 + 2 cos 20 - x sin 20 
[a+b (a b__ 
× 2 2 cos "20-xs in20  c 
a -b  ) 
+ 4 2 s in20+xcos20 
y2 _ z.2 ) 
× yzcos  o~cos20+- - - -7 -2  s in20  -det  B 
= 2c  ~ - 2c  + 4xyz  cos a 
- det B + 2M sin 2 20 + 2N sin 20 cos 20 
= per B + 2M sin 2 20 + 2N sin 20 cos 20, 
where 
M = c + 2 -- cxe _ 2xyz  cos c~, 
N = [c (a  - b)x  + x (v  2 - ~2)]  + (a  - b )y :  oos 4 .  
Since per (U*BU)  < per B, we have 2M sin e "20 + 2N sin 20 eos 20 < 0 for 
any 0. By Lemma 1, N = 0. • 
Sinee we can use permutat ion similarities to switch the positions of a, b, 
c and x, y, z, respectively and maintain permanents of matrices, it is easy to 
prove (iii) and (iv) similarly. 
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LEMMA 3. Suppose 
B = U*DU = a 2ke- i~ 1 
[ 2k 2k 
is a positive semidefinite hermitian matrix, where U is unitary, a, k > 0, and 
e i~ is not real. Then per B < max{Pa(D)}. 
Proof. It is easy to verify that per  B = a3(1 + 16k a cos a + 12k ~) and 
the characteristic polynomial of B is aa[(A/a - 1) a - 12k2(A/a  - 1) -  
16kacos re], which has three nonnegative zeros. Consider the equation 
x a - 3x - 2cos a = 0, where x = (1 /2k) (A /a  - 1), which has three real 
solutions. Let s be its largest solution. Then 1 < s < 2 and s a - 3s = 2 cos a.  
The other two solutions are (s +_ t ) /2 ,  where t = 1/12 - 3s z. Thus )t 1 = 
a(1 - ks - kt), A 2 = a(1 - ks + kt), A a = a(1 + 2ks)  are three eigenvalues 
of B and D. Since A a = a(1 - ks - kt)  >_ O, we have k < 1 / (s  + t). 
According to the inequalities (coming from Theorem 1) 
max{Pa(D)} >_ max{per A} > g(A2,  A3, A1), 
it is sufficient o show 
g(*2, '3, *1) = 113'2( '1  "}- *3) -1- ,3 ..}_ ,3 q_ (,2 ..]_ ./~3 2 -- ,2) 3/2] 
> per B = aa(1 + 12k e + 16k 3 cos a )  
= a3[1 + 12k 2 + 8(s  3 -  3s )k3] ,  
in order to establish the lemma. The inequality is equivalent to 
(A~ + X~ - A~) a/2 > 911 + 12k 2 + 8(s  a - 3s )k  a] 
- 3A~(A 1 + Aa) - A13- Aa 3. 
Since X 2 + X~ - ,k 2 > 0, we can take the squares of both sides and prove 
~> [9  + 108k  2 q-- 72(83  - 3s )k  3 - 3 .2 (*1  -~- *3 )  - ,3  _ ,3 ]  2 ' 
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which implies the above inequality. Simplifying both sides and moving terms 
from the right to the left, we have the following inequality to prove: 
F(s, k)  = [1 + 4(s  - t )k  + 4s(s + t)k2] 3 
- [ i  + 6(s  - t)k + 6(12 - s :~ - st)k 2 
+ 16(5s 3 - 18s + 3t )k3]  e 
>0,  
for anys ,  l<s  <2,  t = ~/12-3s  2 ,andanyk ,0  <k <_ 1/(s +t).  
F(s, k) can be considered as a polynomial of k of degree 6. We can 
compute its coefficients of ki, i = 0, 1,..', 6, separately. 
The coefficient of k ° is zero. 
The coefficient of k is 314(s - t)] - 216(s - t)] = 0. 
The coefficient of k '2 is 
314(s - t ) ]  2 + 314s(s  + t ) ]  - [6(s - t ) ]  ~ - 216(12 - s 2 - s t ) ]  = O. 
The coefficient of k 3 is 
[4(s  - 0 ]  3 + 614(s - t ) ] [4s (s  + t ) ]  - 2[16(5s 3 - 18s + 30]  
- 216(s - t )116(12 - s 2 - s t ) ]  = O. 
The coefficient of k4 is 
314(s -- t)]2[4s(s + t ) ]  + 314s(s  + t ) ]  2 - 216(s - t ) ]  
x[16(Ss  3 - l ss  + a t ) ]  - [6 (12  - s - s t ) ]  2 
= 216(4 - s2)(s 2 + 2 - st) = 36(4 - s2) (3s  - t)  2. 
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The coefficient of k 5 is 
314(s - t ) ] [4s (s  + t ) ]  2 - 216(12  - s ~ - s t ) ] [16(5s  3 - 18s + 3t)]  
= 1728(s 2 - 4 ) (s  3 - 7s + s2t + t) = 144(4 - sZ)(3s - t )2 (s  - t ) .  
The coefficient of k 6 is 
[4s(s  + t)]  3 -  [16(5s 3 -  18s + 3t)]  ~ 
~- 691Q~(4  - -  82) (S  4 - -  382  - -  1 + st) 
- 288(4  - - t f ( s  + st - 2) .  
Therefore 
F(s ,  k) = 36k4(4 - s2)(3s - t)218(s 2 + st - 2)k 2 + 4(s  - t )k  + 1]. 
It is clear that (4 - s2)(3s - t) 2 > 0. In order to prove F(s,  k) > 0, we have 
to show that the discriminant of the last bracket, as a quadratic polynomial of 
k, is always negative for any s, 1 < s < 2, and t = v/12 - 3t 2, since its 
constant erm is positive. However that is clear, because we have 
A = [4(s - t)]  2 - 418(s 2 + st - 2)] 
=64(4 -s  2-s t )  : -~t ( t  - 3s)  <0,  
where the last inequality comes from the relations t = V/12-  3s 2 and 
1 < s < 2. Hence F(s,  k)  is always positive. That completes the proof. • 
We need the following lemma, which can be derived easily from the proof 
of Theorem 1. Therefore we just state it without a proof. 
LEMMA 4. I f  a real symmetr ic  matrix P yields' max{per A}, then P is 
permutat ional ly s imilar to one o f  the fo l lowing matrices: 
[axy I [a x y] [a x y] x b x , -x  b x , -x  b -x  , 
y x a y x a y -x  a 
where a, b, and x are nonnegative and y is real. 
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Now we are ready to prove Theorem 2. 
Proof of Theorem 2. Suppose B = U*DU yields max{P3(D)}. First 
observe that B can be expressed as 
B = U*DU = 
a xe i°- y@i~" 1
xe i ,, b ,, ,8 
ye-i~ ze-i,8 
where a, b, c, x, y, z, or, y, and /3 are nonnegative numbers. Take 
U = 
[ ei(i-/~) 0 0 ] 
1 0 , 
0 e -i,8 
which is a unitary matrix. Then 
C = U*BU = 
a xe  i ( ° '+~-7)  y] 
xe-i('~+ ~- :,) b z , 
y z c 
and per C = per B. For simplicity and convenience, use ot instead o" +/3  - 
% We have 
C = U*BU-- 
I a xe i°L ! ] 
xe-i a b , 
y z 
and C also yields max{Pa(D)}. We want to prove that C is real. In other 
words, cos a = +__ 1. If  one of x, y, z is zero, then we are free to choose its 
corresponding argument such that Y = tr +/3  + mTr tbr some integer m, 
and therefore cos a = + 1. Thus we can assume that all of x, y, and z are 
positive. In this ease all of a, b, and c are positive, too, because B must be 
positive semidefinite. 
From Lemma 2(i) and (ii), we have M cos a + N = 0 and M + Ncos a 
=0,  where M=c(a -b)x  +x(y  2 -z  2) and N=(a-b)yz .  They lead 
to M(1-cos  2a) - - -0 .  I f  cosav~ ___1, then M=0,  and so is N. Hence 
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a = b and y = z. By using Lemma 2(iii) and (iv), we have a = c and x = z. 
Therefore it follows that 
C = 
a xeia i ] xe -i a a , 
7(. X 
where a > 0, x > 0, e i'~ is not real, and C yields max{ P3( D)}. We can let 
k = x / (2a) ;  then C is in the form of matrices in Lemma 3. However, 
Lemma 3 shows that is impossible. 
Therefore C is a real symmetric matrix and yields max{Pa(D)}. That 
produces the following inequality: 
max{P3(D)} < max{per A}. 
Since the reverse inequality is obvious (as we mentioned in the beginning of 
the paper), we have 
max{Pa(D)} = max{per A} = h(A 1, A 2, ha), 
where the last equality comes from another result of the author [3]. 
C also yields max{per A}. Therefore, by Lemma 4, C is permutationally 
similar to one of the following matrices: 
[ix ] i a [a xy] b , -x  b , -x  b -x  , 
x y x y -x  a 
where a, b, and x are nonnegative and y is real. 
No matter which case occurs, B is permutationally similar to a matrix 
xei~ ' yei(a+t~) ] 
xea-ia 
[ye-i(~+13) xe-ifl 
where a, b, x are nonnegative and y is real, they depend on A 1, a 2, h a, and 
a, /3 can be any real numbers. That completes the proof. • 
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